REVERSIBLE HOMEOMORPHISMS OF THE REAL LINE
ARNOLD B. CALICA Let G be the group of germs of C k local homeomorphisms of the real line which fix the origin and have nonzero derivative there. In this paper the possibility of factoring an element of G which is conjugate to its inverse into the product of two involutions is investigated. It is shown that it is always possible to do this in the analytic case and not always possible in the continuous case. In the intermediate cases several necessary and sufficient conditions are developed for determining whether or not such a factorization is possible. Included is a construction which allows one to determine an explicit factorization. Indication is given of the application of this material to the same problem in higher dimensions. This work is related to some material in Dynamics.
!• Introduction* If G is an abstract group an element g e G is called reversible in G if there exists an element heG
such that hghr 1 = g~\ The product of two involutions is always reversible by an obvious argument. There arises the following question:
Question #. If g is reversible in G can g be factored into the product of two involutions in G? D. C. Lewis has decided this issue in the case G -GL{n, C) affirmatively (Lewis [4] ) This paper concerns itself with the investigation of this question in the case where G is the group of germs of continuous or differentiable homeomorphisms of the real line.
Reversible transformations play a role in Dynamics. For further information on this connection see the references in Lewis [4] . 2* Definitions and Notation* C k = {F: F is a local homeomorphism of a neighborhood of 0 in R to another such neighborhood which fixes the origin and is of class C k on some neighborhood of 0, [2] .
The multiplication in T k induces via the mapping p k a group multiplication in P k . P k will be viewed as a group with this multiplication. The elements of P k are often referred to as jets in the literature. Note that composition of elements in P k is not multiplication of polynomials but is substitution followed by truncation to degree k. Other homomorphisms which will be found useful are the mappings T k -> T m and P k -> P m , mf^k defined by the inclusion mapping of C k^Cm followed by Φ m or ρ m φ m . For FeC k , let F+ (resp., F) be the restriction of F to R + = {x e R: x ^ 0} (resp., to R_ = {xeR: x ^ 0}). F + (resp., F_) is a local homeomorphism fixing 0 of R + to R + or i?+ to /?_(resp., i?_ to /ϊ_ or j R_ to R + ). The notation / + and /_ will denote the corresponding notion for the germ/, f' 1 (resp., /r 1 ) will denote (/3 * Periodic local homeomorphisms of R. Let Γ+ = the set of elements of Tϊ which are increasing,
Tί = the set of elements of T k which are decreasing, REMARK 2. (i) r* n ri= 0, Γί u τi = τ k (ii) Γί is 2, subgroup of T k which is of index 2 and is therefore normal.
(
The corresponding statements are true of P+ and Pi. Repeatedly used subsequently are following obvious facts: If / G T k , then (/-% = /-and (/" 1 )_ = /r 1 . It is to be noted that Proposition 1 follows trivially from a theorem in Bochner [1] in the case k > 0. REMARK This follows from Theorem 2 and the observation that if f e T+ and / (w) (0) = 0 for m > 0, then / = 1.
The question of factorization of reversible elements of Tl is settled positively in the following material. This contradicts g 2 -h 2 . Since g + is locally increasing and analytic the foregoing implies that g + = /iW + (*) . Therefore /_ = /+ x so / is an involution. There is a square root lemma, weaker than Lemma 5, which will be proved which provides an additional criterion for the factorability of a reversible element of T k into the product of two involutions. is Φk-άax). Suppose there is another square root of φ k -i(cfx) given by Φ^Kix)).
Consider some set (0, η) on which K 2 (x) = a 2 x, (η>0) . It is clear that K{x) > ax or K{x) < ax cannot hold in (0, rj). Therefore there is some point x o e (0, η) where ax = K(x). Assume further that a < 1. If this is not the case one can apply the argument to l~\
In the argument following it will be convenient to utilize the notation (F»(y 0 Proof of Theorem 4. The proof utilizes the construction in the proof of Theorem 3 and will therefore be omitted. 5* Conclusions. In this paper Question (#) of the introduction is shown to have answer "no" for continuous homeomorphisms and nearly "yes" for analytic homeomorphisms. For C k homeomorphisms, 1 ^ k ^ oo, the reply to the Question is shown to depend on the existence of unique square roots in a particular group and the nonexistence of an element feT+ such that p k (f) = 1 and / is reversible in jPf. It is not known whether gfg~ι = f" 1 in T ω , /GΓ; / Φ 1 implies that g is more than twice differentiable. One conjectures that this is not the case since it may be shown that aβar 1 = β~x in P 3 , β Φ 1 and β = x + b 3 x\ does not ensure that a 2 = 1. One may generalize some of this material to higher dimensions. The techniques of this paper are applicable to some germs of transformations of R n which fix a sufficiently nice n -1 manifold containing the origin. This and related questions will be treated in a subsequent paper.
